ABSTRACT. In this paper, the boundary conditions for modified Navier-Stokes equations system are presented, and the complementary equations on the boundaries are established.
Navier-Stokes equation system
The N a vier-Stokes equation system describing vertical two-dimensional unsteady flow for viscous incompressible fluid has the following form (see [1] - [5] .U 1 (x,z,t)j = 0
8G
has the unique solution in the space of generalised functions (see [1] , [2) }.
The determination of pressure p from equation (1.1} is very difficult. To avoid it, the artificial compression component is added to the continuity equation of (1.1). Then we obtain the following equation system (see [3) , [4) In actual fact, it is difficult to give all 2 boundary conditions at any part of the boundary.
To overcome this insufficiency of given boundary conditions, at the neighborhood of the part of boundary, where all the 2 boundary conditions can not be given, we consider the following modified Navier-Stokes equation system for determining the solution values on this part of boundary.
Modified Navier-Stokes equation system {1.2)
Let the right hand side of the equation system (1.2) be known. For example, their values were taken at the previous time step, or the fluid is inviscous (v = 0). It is well know that (see [6] , [7] ) the boundary problem of linear symmetric hyperbolic equation system av -av -av In addition, the equation system (2.3) has the unique solution continuously depending on the initial conditions and on the right-hand side if the boundary conditions are dissipative.
The boundary condition is said to be dissipative if any vector V satisfying this condition has to satisfy the following inequality
where S = aG X [0, T], (nt, nz, nz) is the external normal vector of the surface S.
In the case, when the boundary ac is fixed, then nt = 0 and inequality (2.4) may be replaced by the following inequality (2.5) Let us take in the equation system (2.3)
where u and w are knowri values.
It is easy to verify that, the eigen values of the matrix An = nzA + nyB are
where ~=w~+4.
From (2.6) one deduces the number of boundary conditions which is necessary to be given on the boundary for equation system (2.3), (2.3a) a-At the inflow boundary (wn < 0) it is necessary to give two conditions b-At the outflow boundary (wn > 0) only one condition is required c-At the solid boundary (wn = 0) one condition is needed. Now we find the dissipative boundary conditions for the equation system (2.3), (2.3a) by the same method as in [10] . 
where P* is the transposed matrix of P and 
is dissipative because of (2.13) { !t = 0, . and the inequality (2.14) is satisfied. av -av -av
where
oif! -oif! -oif! F='P---A --B -· at ax az
The linearized equation system {2.2) and the equation system (2.3) are equivalent. If the linearized system {2.2) has a unique solution continuously depending on the initial condition and on the right-hand side, the system (2.3) has also a unique solution that continuously depends on the initial condition and on the right-hand side, and vice versa.
The solution is now said to satisfy the· c-property if it continuously depends on the initial condition and on the right-hand side.
From this we can show the boundary conditions under which the linearized boundary value problem {2.2) has unique solution satisfying the c-property.
In fact, from (2. 7) and {2.18) one deduces: By an argument analogous to that used for the equation system (2.2) we get boundary conditions for the linearized equation system (2.21), which has a unique solution satisfying the c-property. In fact, each of the following three boundary conditions ensures the-uniqueness-of a-solution-satisfying the c~property a.
Complementary equations on the boundary
In order to determine the three unknown function u, w, p on the boundary aG, where only one or two boundary conditions are given, it is necessary to construct some complementary equations, which combining with the given boundary conditions give a close equation system for determining the functions u, w, p on the boundary. 
Bau =.P-(au +Aau)=.P-n-ln(au +Aau)
az at ax at ax = .P-n-ljjr; (~~) J , (3.1) where .7) b. For the outflow (wn = -u > 0)
• Equation (3.5),
• Equation (3.7).
2. At the right boundary a. For the inflow (wn = u < 0) • Equation (3.5) ,
• Equation (3.8) .
By an analogous argument we can obtain the characteristic form of the equation system (2.21) au_(du) _!(du) _!(dp) _!(du) +~(dp) +¢1=0, at dt z, 2 1 (dp) 1 (du) 1 (dp) 1 (dw) at -2 dt X2 -2 dt X2 + 2 dt X3 -2 dt X3 -2 dt Z2 1 (dp) 1 (dw) 1 (dp) -2 dt Z2 + 2 dt Z3 -2 dt ;, 3 = o.
From these equations we obtain the following complementary equations on the boundary
At the left boundary
• Equation (3.10), ap au (du) (du) (dp)
• at -at + dt z, + dt x, -dt x, 1(dw) 1(dp) 1(dw) 1(dp) -2 dt Z2 -2 dt Z2 + 2 dt Z3 -2 dt z 3 -tPl = o.
At the right boundary
• Equation (3.10), ap au (du) (du) (dp) e (}t + at -dt Z1 -dt X2 -dt X2 1(dw) 1(dp) 1(dw) 1(dp) · -2 dt z2 -2 dt z 2 + 2 dt z 3 -2 dt z 3 + tPl = O.
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